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Effect of the molecular length d in a homologous series of liquid crystal is considered. 
The McMillan hamiltonian is generalized to be H = F(d)x ,> ,  V( i ,  j ) .  The mean-field 
form of the hamiltonian is derived explicitly and systematically for the first time. For 
F ( d )  = dA, results of McMillan and Lee et al. are recovered with correction when X = I 
and X = 0, respectively. Different types of the isotropic-nematic-smectic A phase 
diagrams are explained and new ones are predicted. The even-odd effect may be 
understood when the width of the molecule is also included in our formalism. As 
illustrations, even-odd variations of transition temperatures, order parameters and 
supercooling temperatures are calculated showing good agreement with experiments. 

1. INTRODUCTION 

The early molecular theory describing liquid crystals of rod-like 
molecules is that of Maier-Saupe (MS).’ It describes only the nemat- 
ic (N)-isotropic(1) transition and gives a transition temperature TN, 
independent of the molecular length d.  Subsequently, Kobayashi2 and 
M ~ M i l l a n ~ . ~  independently generalized the MS theory to include the 

*Work presented at the Ninth International Liquid Crystal Conference, Bangalore, 
India, December 6- 10, 1982, under the title, “Pressures, Mixtures and Reentrant 
Phenomena.” 

$Correspondence address: Physics Department. City College. CUNY. New York, 
N.Y. 10031. U S A .  

213 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
17

 2
0 

Fe
br

ua
ry

 2
01

3 



214 CHANGQING and LEI 

molecular separations into the hamiltonian and are able to describe 
the I-N-A (A represents smectic A) phase transitions. In the mean- 
field approximation this model gives the same TNI as that of MS 
(which is also independent of d). On this basis, Lee et al.’ modified 
slightly the McMillan hamiltonian and obtained a T N ,  which de- 
creases with d increasing. 

There exists some confusion in the literature concerning these 
results. At one point, the McMillan result3 was deemed’ incorrect. 
Although the relationship between the models of McMillan3 and Lee 
et al.’ was later clarified by Tan6 and found to differ from each other 
by only a d-dependent factor in their respective hamiltonians, how- 
ever, the d-dependent factor of McMillan was thought to be “un- 
physical”.6 

On the other hand, there definitely exists more types of I-N-A 
phase diagrams’ (characterized by the trend of T N ,  as a function of n, 
the number of carbon atoms in the end-chain) than the two types 
mentioned above. 

One of the purposes of this paper is to investigate the effect of d in 
a more systematic way and to try to clarify these issues. In the next 
Section, the McMillan hamiltonian3 is generalized and the resulting 
mean-field hamiltonian is derived in some detail (Appendix A), a 
crucial step which surprisingly has not been reported anywhere in the 
literature [e.g. Refs. (2)-(6)], to the best of our knowledge. This is also 
a necessary step when the more complicated statistical mechanical 
properties (e.g. correlation functions, apparent exponents? etc.) of the 
homologous series are studied.’ Phase diagrams are discussed in 
Section 111. 

When the systematic variation of the molecular width D is taken 
into account (Section IV) a new explanation of the even-odd effect 
(other than the one of Marcelja“) becomes possible (Section V). 

While our attention here is confined to the relatively simple 
McMillan hamiltonian of rod-like molecules our formalism is clearly 
also applicable to the other molecular theories of both rod-like’ I*’* 

and di~c-l ike’~ molecules. 
A brief summary of this and the following paper’ can be found in 

Ref. (14). 

II. THE HAMILTONIAN 

The interaction between two rod-like molecules i and j (with cylindri- 
cal symmetry) is given, to second order, by 

W(i7 j )  = Kl(rc,) + W r , ) ~ z ( c o s ~ , )  (2. * 1 
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THEORY OF HOMOLOGOUS LIQUID CRYSTALS. I 215 

where rij and 1 9 ~  are the separation between the centers of mass and 
the angle between the orientations of the two molecules, respectively. 
From physical  argument^,'^ in general, both W, and W, depend on d, 
the molecular length. If 

then (i) F,(O) = 1, F2(0) = 0, and (ii) F2,(d) is a non-decreasing 
function of d.I4 For simplicity, we assume 

F,(d) = F,(d) = F ( d )  (2.3 ) 

which obviously does not satisfy (i) and hence is invalid for d%O. 
However, as we shall show below, all the liquid crystal materials have 
d away from zero and Eq. (2.3) is thus applicable in real.cases. 

Following Refs. (3)-(5), Vo and Vz are assumed to be Gaussian 
functions and the hamiltonian is then 

H = - C'(4?r'/2)-'JF(d/ro)exp( - r ; / r ; ) [  6 + P2(cosBq)] (2.4) 
i.J 

where J and 6 are constants, ro the effective range of interaction 
between two molecules. The prime in the summation sign indicates 
the exclusion of i = j  terms. 

Taking the normal of the layers of the A phase as the z-axis, 
rj = ( x i ,  y,,zi), x!, = x, - y j ,  etc., we have 

exp( - r ; / r ; )  = exp( -p;/r;)exp( - z;/$ (2.5) 

where 

(2.6) 
2- 2 2 

Pi, = x!, + Y!, 

When exp( - zi / r i )  is Fourier transformed and only the two lowest- 
order terms are kept, under the mean-field approximation, H becomes 
(see Appendix A) 

V(Z, ,8,  ) = - J  { ZUST C O S ( ~ T Z , / ~ )  + I q  + & J C O S ( ~ T Z , / ~ ) ]  S, } (2.8) 
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216 CHANGQING and LEI 

where sj = P,(cosO,), 0, the angle between the orientation of the ith 
molecule with the z-axis, T , V ,  u are respectively the position, orienta- 
tion and mixed order parameters defined by 

T E (COS(2TZ;/d)) (2.9) 

= (P,(COS e, 1) (2.10) 

= (cos(2azi/d)~,(cosej))  (2.1 1) 

Also, 

E = ~ ( t )  = 2exp[ - - ( ~ / t ) ~ ] ~ ( r )  (2.12) 

w ( t ) -  1 + r-’/’exp(-1/4t2)R-’(t/2) 

~ ( x )  = 2 r - ‘ l 2  exp(--y2)dy (2.14) s,” 
with t = d / r o  and J = j ( t )  given by (for molecules of zero width) 

J =  ( 2 r ) - ’ ~ ~ ( t ) ~ ( t / 2 )  C (exp( - p i / r , $ )  (2.15) 

Under the mean-field approximation of Eq. (2.7), in Eqs. (2.9)- 

A+;) 

(2.1 1) the thermal averages are defined by ( /? = l/k,T) 

R ( x )  is a monotonic increasing function of x with R(0) = 0 and 
R ( w )  = 1. For x > 1.6, R(x) - - .  1 [see Figure 1 of Ref. (14)]. w ( x )  is as 
shown in Figure 1. For x < 4, w (x) N 1. 

If the approximations w ( t )  = 1 and R ( t )  = 1 are assumed in Eqs. 
(2.12), (2.13) and (2.15), then, for F ( t )  = t ,  Eq. (2.8) reduces to the 
hamiltonian of McMillan4 [the one in Ref. (3) corresponds to the 
further approximation 6 = 01; for F ( t )  = 1, Eq. (2.6) reduces to the 
case of Lee et al.’ However, as will be shown in Section 111, within the 
relevant domain of t in the phase diagrams, R ( t )  = 1 is not a very 
good approximation. 
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THEORY OF HOMOLOGOUS LIQUID CRYSTALS. 1 217 

FIGURE I The curve w ( x )  [see Eq. (2.13) for definition] 

111. PHASE DIAGRAMS 

Generally speaking, J of Eq. (2.15) is temperature dependent. In 
mean-field approximation, i t  is assumed to be independent of temper- 
ature (see Section IV). The transition temperatures TNr, T N A  and TIA 
are obtained when the solutions of the three self-consistent Eqs. 
(2.9)-(2.1 I )  are solved using Eqs. (2.8), (2.15) and (2.16) and then 
substituted into the free energy  expression^.^,^ This type of calculation 
has been carried out before in Ref. (3) (for 6 = 0) and Ref. (5) (for 
6 = 0.65). Since our mean-field hamiltonian of Eq. (2.8) differ from 
that of Ref. (5) in only the specific form of 7 it is possible to show, for 
molecules of zero with (D = 0), that [see Appendix B of Ref. (15)] 

u* = 27T - "2JF( t )R  (t/2) (3.') 

where uo is the interaction strength given in Eq. (6) or (8) of Ref. (5). 
Using further the (pretty accurate) approximation of W(X)E 1 it is 
then possible to obtain phase diagrams corresponding to different 
forms of F ( t )  from that of Ref. (5) by a simple rescaling of the 
temperature. 

In the rest of this Section, w(x) = I ,  S = 0.65 are used. In Figure 2, 
we assume 

F ( t )  = tA (3-2) 

and the calculated TNI curves a, b, c and d correspond, respectively, 
to A = 0, +, 1 and 2. At t ~ 2 . 6 2 ,  TNr meets the curve T N A  [see Figure 
4(a)-(d)]. For A = 0, TNI decreases monotonically as t increases. In 
contrast, for X = 1, T,, is a monotonic increasing function of t ;  TNI is 
not really horizontal for 2.33 < t < 2.58. The case of A = 2 is similar 
to that of A = 1 except that TNI increases faster. The curve corre- 
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t- 2.91 

CHANGQING and LEI 

- 

I 

d/ r. 
FIGURE 2 Calculated transition temperature TNI vs. t (= d/ro) .  F ( t )  = t i .  Curve a: 
x =o; b: x = f ;  c: x = 1; d: h = 2. 
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THEORY OF HOMOLOGOUS LIQUID CRYSTALS. I 219 

sponding to A = + differs from all the other three; there is a maximum 
at t N 2. 

On the other hand, when 

F i t )  = A t k 1  + BtX2 (3.3) 

it is possible to obtain completely different cases. For example, in 
Figure 3, with A, = 0, A, = 2, A = 12 and B = 1 TNI has a minimum 
at t N 2.3. If A, = 0, A, = 1 or A ,  = +, A, = 0 (or 1) results similar to 
curve b of Figure 2 (i.e. TN, has a maximum) are obtained. For 
A, = 1, A, = 2 or A, = 4, A, = 2, TN, increases monotonically, similar 
to curve d of Figure 2. 

Comparison wlth experiments 

1. In Figure 4(a)-(d), some calculated I-N-A phase diagrams are 
plotted. They correspond to various existing real systems [see Ref. 
(16) for details]. 

2. In some homologous series, e.g. 4-n-alkyloxy-4-cyanobiphenyl 
(nOCB),” the TN, vs. n curves of both the even and the odd series 
have the same shape. The two series may therefore correspond to the 
same F ( t )  function. However, in other homologues, e.g. 4-n- 
alkyloxybenzylidene-4’-n-butylaniline (C,H,, + ,O-+CH = N-+-C4H9) 
as shown in Figure 5 ,  the even series has a minimum corresponding to 
Figure 3 [or Figure 4(d)] and hence F(r)  of Eq. (3.3); the odd series 
corresponds to curve c of Figure 2 [or Figure 4(c)] and hence the F ( t )  
of Eq. (3.2). In other words, Figure 5 may be considered as a 
superposition of Figures 4(c) and 4(d). 

In Figure 6, where the phase diagram of 4-n-alkyloxyphenyl-4-n- 
nonylbenzoate 

1 (C,H ,,O-+- C -O-+OC,H,, + , 
II 0 

is plotted, the even series belongs to the type shown in Figure 4(d) 
provided the point n = 12 is excluded. Figure 6 may then be consid- 
ered as the superposition of Figures 4(b) (or curve c of Figure 2) and 
4(d). However, there exists a maximum between n = 8 and 12 in the 
even series which really does not belong to the types shown in Figures 
2, 3 or 4. We note that for F ( t )  = At‘l + BtX2 + CtX3 it is possible to 
obtain a TN, curve with both a maximum and a minimum when 
proper parameters are chosen. 

Note that when the width of the molecule (in addition to the 
length) is taken into account the above discussion of the even-odd 
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220 CHANGQING and LEI 
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$ 2  
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24 

F 
2.96 

2 2. 4 2. 

FIGURE 4 Calculated phase diagrams. (a) F ( r )  = I ,  (h) F(r )  = t .  (c) F(/) = t 2 .  (d) 
F ( / )  = 12 + 12. 

n 
FIGURE 6 Experimental phase diagram of 4-n-alkyloxyphenyl-4-n-nonylbenzoate. 
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THEORY OF HOMOLOGOUS LIQUID CRYSTALS. I 22 I 

effect of transition temperatures becomes more complicated (see 
Section V). 

3. Tn the odd series of Figure 6, the rate of decrease of TN, as n 
decreases is higher when n is small. This is exactly the case predicted 
by curve b of Figure 2. 

4. In curve b of Figure 2 a maximum in T,, is predicted with 
F ( t )  = t’ /*.  From the above systematic analysis, its existence seems 
logical and is quite expected. To our knowledge, no experimental 
phase diagram of this type has been reported yet. An experimental 
search will be most desired. 

5. Under the assumption of Eq. (3.2), the case of h > 2 is basically 
the same as that of h = 2. By point (ii) of Section 11, we have h > 0. 
Therefore, corresponding to Eq. (3.2) there are only three types of 
phases diagrams, viz., the TNI-t curve increasing monotonically, 
decreasing monotonically and having a maximum. In contrast, the 
phase diagram shown in Figure 3 represents only one of the several 
possibilities when Eq. (3.3) is assumed. 

6. I n  our theory, there does not exist any T,, which is really 
independent of t ,  in contrary to the result of M ~ M i l l a n . ~  This is due 
to the fact that in Ref. (3) the approximation of R ( t )  = 1 is implicitly 
used. In Figure 4(b), 2.33 < t < 2.7 leading to 1.17 < t /2 < 1.35 in 
the R ( t / 2 )  function in Eq. (3.1) [or Eq. (2.15)]. Since R is nowhere 
near unity within this range [see Figure 1 of Ref. (14)] the McMillan’s 
result3 is thus not completely accurate [the same goes for Ref. (5)j. In 
fact, experimentally there does not exist any homologous series with 
TNI straightly independent of t .  Our Figure 4(b) agrees better with 
experiments. 

It should be emphasized that, in our opinion, the assumption of 
F ( t )  = t used implicitly by McMillan3 is not “unphysical”, as re- 
ported by Tan.6 It just corresponds to homologues that are different 
from that considered by Lee et aLs 

IV. EFFECT OF THE MOLECULAR WIDTH 

In Section 111, the molecules are assumed to be of zero width (D = 0). 
When the steric effects in the free energy expression can be safely 
ignored (D/r ,<< 1) the results of Section I1 remains valid for finite D 
and the only place that D shows up is in of Eq. (2.15) resulting in a 
modified Eq. (3.1). In this case, under proper approximations (see 
Appendix B) 

I =  2 ~ ~ ( t / 2 ) ~ ( t ) t - ’ e x p ( -  u 2 )  (4.1) 
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222 CHANGQING and LEI 

I ,  

3 

, , ' t I '  
* I (  

t", 1" 1, 
t 

FIGURE 7 The assumed U ( I )  curve for a typical homologous series. 

where u = D / r o .  Similar to Section 111, we may obtain phase dia- 
grams from the calculated results of Lee et at.' by using the following 
relation [see Ref. (15)]: 

u0 = 2 , - ' / 2 ~ ~ ( t ) ~ ( t / 2 ) e x p ( -  u') ( 4 4  

which obviously reduces to Eq. (3.1) when D = 0. 
In Section 111, when F ( t )  is given, using Eq. (3.1), phase diagrams 

are obtained from that of Ref. (5 ) ,  in which there is only one TN,(!) 
curve. When Eq. (4.2) is used instead of Eq. (3.1), this single curve is 
replaced by a family of curves TNI(r ,u)  [see curves A, B and C in  
Figure 8(a) and 9(a)]. The original curve of TNl(t) in Section 111 
actually corresponds to TNI(t,O). When t is fixed, TNl(t ,u) moves 
towards smaller values of TN, as u increases. 

In a homologous series (described by the same 6 and ro,  see Section 
VI), as n increases t also changes, i.e., t = t ( n )  = t , .  At the same time, 
D also changes [see Figure 6 of Ref. (lo)], i.e., u = u ( n )  = u,. Com- 
bining these two equations, one has u = u( t ) .  With Figure 6 of Ref. 
(10) in mind, we may assume u = u ( t )  as shown in Figure 7. Here, 
t, = t n P l  + At ,  A t  = constant, u,+, = u,, u,_,  < u,, but u, - u,- I not 
necessarily eqlral to u , + ~  - u,,+,. Note that the specific form of u ( r )  
really depends on the homologue under consideration (see Section 
VI). Figure 7 is just one of the possibilities (though pretty general). In 
the next Section, some numerical results are presented. 

V. THE EVEN-ODD EFFECT 

For simplicity, we will assume here that both the even and the odd 
series of a homologue corresponds to the same F ( t ) .  
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5 6 7 8 9 1  n 
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2.L 25 26 
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1s 

E s  

0. 

FIGURE 8 The even-odd effect of TNI for nCB. (a) Theory. The curves A, B and C 
are TN,(t, u )  with u = 0, 0.206, 0.285, respectively. (b) 

1 2 3 4 5 6  
t n 
(a) (b) 

FIGURE 9 The even-odd effect of TNl for n0.4. (a) Theory. The curves A, B and C 
are TN,( t ,  u )  with u = 0, 0.626, 0.783, respectively. (b) E~per i rnent . ’~  

A. Transition temperature 

Taking nCB (4’-n-alkyl-4-cyanobiphenyl) as an example, assume F( t )  
= t 2  and n in Figure 7 as an even number, u5 2:0, u6 = u, = 0.206, 
us = 0.285, t ,  = 2.35, t,, I = t,, + 0.05, n = 5,6,7.  Our calculated TNI 
are plotted in Figure 8(a) which compared well with the experimental 
results in Figure 8(b). Note that u,=O is taken for convenience; 
similar results are obtained if u5 # 0. 

If in Figure 7, n is assumed to be odd, u1 = u2 N 0, uj = u4 = 0.626, 
u5 = 2.46 = 0.783, t ,  = 1.4, t,,+l = t,, + 0.1, n = 1, . . . , 5, we obtain the 
TN, curve as shown in Figure 9(a). Here F ( t )  = t 2  as before. The 
diagram corresponds roughly to the experimental one” of n0.4( p -  
alkoxybenzylidenebu ty laniline). 

Similar results for TNA and TIA can be obtained along the same line 
of reasoning. 

6. Order parameter at TN, 

In many cases, the order-parameter curve S (  T )  calculated from Eq. 
(2.1) agrees only roughly with experiments and it is necessary to 
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224 CHANGQING and LEI 

include the P,(cos f?,,) term in the hamiltonian.20 Eq. (2.4) then be- 
comes 

i.J 

In parallel to the considerations of Section 11, W, should contain a 
factorf(t, u)  which needs not be equal to F(t)exp( - u2). Also, to treat 
this problem properly one would expand W4(rl,) and P,(cosf?,) with 
respect to z, and P,(cosB), respectively and obtain the effective 
hamiltonian Herr under the mean-field approximation. The order 
parameter at TNr, S,,  is then calculated using the Hcff. In the 
following, for simplicity, instead of using Eq. (2.8) we assume that 

which is the Eq. (3.1) of Ref. (12). The meanings of u2 and y are given 
in Ref. (12). When y = 0, Eq. (5.2) reduces to Eq. (2.8) in the N and I 
phases (T = u = 0);  v2 corresponds to and hence u2 = v2( t ,  u). In 
general, y = y ( t ,  u). For a homologous series, according to Figure 7, 
we have u = u ( t )  which when substituted into y = y ( t , u )  gives y 
= y ( t ) ,  say. 

For illustrative purpose, r ( t )  is assumed to have the form shown in 
Figure 10(a) or (b). The dependence of S on T and y have been given 
in Figure 3 of Ref. (12). Combining y = r ( t )  and S = S ( y )  we can 
obtain S, .  

When Figure 10(a) with y ,  = -0.544 and y2 = -0.425 is assumed 
we obtain a S, vs. n curve which is in good agreement with experi- 
ments of n0.4 [see Figure 4 of Ref. (14)]. For liquid crystal AA B (  p ,  p'- 
di-n-alkoxyazoxybenenes) y ( t )  of Figure 10(b) with y2  = 0.07, y4 = 

. . . , is used. The calculated S , ( n )  are represented by open circles in 
0.01, y6 = -0.05, 7, = -0.33, y3 = -0.27, ys = -0.21, 77 = -0.15, 

(a) (b) 
FIGURE 10 The two assumed forms of y ( t ) .  
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I '  , ', 
I 
I , \, ,' '. Ln" 

I 
I 

I I 

m- 
1 2 3 4 5 6 7  n 

FIGURE 1 1  The curve S, (n )  of AAB. 0:  theory; 0:  experiment. 

Figure 1 1 .  The dots are the experimental points [see, e.g., Ref. (21)]. 
Better agreement between theory and experiment can be easily 
achieved by readjusting the assumed values of the y's. 

C. Supercooling temperature 

By Eq. (4.27) of Ref. (9), the supercooling temperature, defined as the 
temperature at  which the correlation function of the order parameter 
diverges, is given by ( k ,  = 1) 

T* = 0.21 (5.3) 

When Eq. (5.3) is combined with Eq. (4.1) it is easy to see that the 
even-odd effect of T* comes from the stepwise variation of u as t 
increases. 

Taking nOCB as an example, by assuming F ( t )  = t2 ,  u5 = u6 1: 0, 
u, = us = 0.182, ug = 0.233, t ,  = 2.35, t , + ,  = t ,  + 0.05 ( n  = 5 ,  . . . , 8), 
and using Eqs. (4.1) and (5.3) we obtain T*(t)  as shown in Figure 
12(a), in good agreement with the experimental results'8 of Figure 
12(b). To our knowledge, this is the first time that any even-odd 

FIGURE 12 Supercooling temperature T* of nOCB. (a) Theory, (b) experiments.'* 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
17

 2
0 

Fe
br

ua
ry

 2
01

3 



226 CHANGQING and LEI 

effects of the supercooling temperature has been calculated theoreti- 
cally. 

VI. DISCUSSION 

Obviously, the functional form of F ( t )  assumed in Section I1 or 111 is 
not unique. However, through a measurement of T* for each member 
of the homologue and the use of Eqs. (4.1) and (5.3), J ( t , u )  or J F ( t )  
(assuming u = 0) may be determined. 

In Section 111, we pointed out that the odd and the even series may 
correspond to different F ( t ) ;  but in Section V, the two series is 
assumed to have the same F ( t )  but different D ( t ) .  These assumptions 
are taken for the sake of simplicity. The specific forms of D ( t )  for a 
particular (even or odd) series have to come from a careful analysis of 
the conformational changes of the molecules. The analysis sketched in 
Section V is mean to be a guide to what can be expected from our 
formalism. A more systematic and detailed investigation is desired. 
Note that the even-odd effects of other physical quantities (e.g. 
entropy change) may be calculated similarly. 

In the above calculations, since we have put all the d-dependence 
in W, into the factor F,(d) it then becomes clear that the part Vo(r,,) 
should be the same for all members in the homologous series. In other 
words, S is the same in a single series. 

In this paper, the fluctuation of orientation of the smectic layers 
(the z-axis) have not been taken into account which, if included, will 
modify the above results quantitatively. 

The approach to generalize the McMillan theory presented here 
obviously can be carried over to the case involving other smectic 
phases. Finally, we remark that the mechanism (based on the alterna- 
tive variation of the width and length of the molecules in a homo- 
logue) proposed here for the even-odd effect is not meant to exclude 
the one due to Marcelja." The extent to which the two mechanisms 
may compete, complement or reinforce each other in a given homo- 
logue is a problem still open for investigation. 
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APPENDIX A. DERIVATION OF THE MEAN-FIELD 
HAMILTONIAN 

By Eqs. (2.4)-(2.6), 

H = - x'(4n'/2 ) - '  JF(t)exp( -@4) 
i.j 

x [ exp( - z;/ri)(~ + P,(COS eii ))]  (A') 

where t = d / r o .  For any two operators A and B,  the mean-field 
approximation (MFA) gives 

A B  N A ( B )  - ( A ) B  - ( A ) ( B )  (4 
In Eq. (Al), taking the pii part as A and the square bracket part as B, 
we have 

X exp( -z:/ri)[ S + P2(cos8,,)] + H'(p , / )  (A3) 

where H' (pJ  is independent of zY and OY. Note that exp( - zt/r:)  is 
an even function of z,!. When Fourier expanded and the two lowest- 
order terms are kept, 

where 

R and ii are defined respectively by Eqs. (2.14) and (2.12). Putting Eq. 
(A4) into Eq. (A3), we have 

H = -(4n1/2)-'JF(t)(exp(-p~/r~))no(ESA + B + EC) + H"(p,,) 
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where 

CHANGQING and LEI 

A = C’cos(2nzy/d) 
i , j  

B =C’P,(cos8,/) 
i J  

c = C’ cos(2nzii/ d )P,(cos 8 , / )  
i J  

Using 

cos( 2nzV / d ) = cos( 2nz, / d )cos( 2nzJ / d ) - sin( 2nz, / d )sin( 2nz, / d ) 

(A1 1) 

and by symmetry, 

(sin(2nzi/d)) = 0 (A’*) 

Eq. (A8) becomes in MFA: 

where N is the total number of molecules and T is defined by Eq. 
(2.9). Since [see, e.g., Ref. (22)] 
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where the unit vector a; is the orientation of the ith molecule. Because 
of cylindrical symmetry, ( Q,) = 0, p = 2, . . . , 5.22 Therefore, Eq. 
(A9) in the MFA becomes 

B = 2(N - 1 ) q z  Q;, + const. (A16) 
i 

where 11 is defined by Eq. (2.10). Putting Eq. (A14) into Eq. (A10) and 
taking cos(2n-zI/d)Qj as one of the operators in Eq. (A2), Eq. (A10) in 
the MFA becomes 

C = 2(N - l ) u ~ c o s ( 2 ~ z ~ / d ) Q ~ ,  + const. (A17) 
I 

where the symmetry results (sin(2~z;/d)Q;~) = 0, p = 1, . . . , 5 and 
(cos(2n-z,/d)Qip) = 0, p = 2, . . . , 5 are used, and u is defined by Eq. 
(2.11). Substituting Eqs. (A13), (A16) and (A17) into Eq. (A7) we 
obtain the mean-field hamiltonian 

H,, = - rx [ z87 C0S(2TZi/d) + $7, 
I 

+ &~cos(2mz~/d)S~] + H”’(pii) (A18) 

where Sj ZE Q,, and 

=(2t)-’JF(t)R(t/2)(exp( -pi/r;))(N - 1) (A19) 

or, equivalently, Eq. (2.15). Since H”’(pii) is independent of zi and 0, 
and is therefore ineffective in the thermal average of Eq. (2.16) there 
is no need to include it in Eqs. (2.7) and (2.8). 

Note that as zii+ 00 the thermal average of the left-hand side of 
Eq. (A4) is finite while the right-hand side in which only two terms (of 
periodic functions) are kept is not. To be consistent, the N in Eqs. 
(A13), (A16), (A17) and (A19) should be understood as 

and correspondingly, C, in Eq (2.15) is a summation of the molecules 
in a layer only. 
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230 CHANGQING and LEI 

APPENDIX B. DERIVATION OF EQ. (4.1) 

To calculate (exp(-p,f/ri)) in Eq. (2.15), we adopt Eqs. (2.22) and 
(2.26) of Ref. (23), 

or 

(B2) 

where h(r)  is pair correlation function [see Eq. (2.12) of Ref. (23)]. V 
the sample volume and 

The determination of the thermal average for a layer of molecules 
corresponds to a two-dimensional version of the above problem, i.e., 

where L, and Ly are the dimensions of the sample in the x and y 
directions, respectively. The most simple approximation is 

resulting in 

where u = D / r o .  Note that in Section 111, D = 0 or h(pij) = 1 is 
assumed. By definitions of D and ro,  u < 1 .  

From geometric considerations, roughly speaking, 

N ’T ( r , / 2 ) 2 ~  L, Ly (B7) 

Combining Eqs. (2.15), (A20), (B6) and (B7) we obtain Eq. (4.1). 
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